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L-functions

e.g. The Riemann (-function

Dirichlet characters

Any L-function has a Dirichlet series
o0

L(s,X) = —,
nS

n=1

where s and a,, are complex numbers

and {a,, } is determined by X.

The Dirichlet L-functions

Cusp forms

The L-functions of cusp forms

Analytic continuation
Euler product , ,
& Functional equation

Elliptic curves

Number fields

Riemann hypothesis



The Riemann (-function

Let s be a complex number.
The Riemann (-function is defined by

() = 3 2

—,
n=1 n

which converges absolutely for Re(s) > 1.
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Analytic continuation

Euler product & Functional equation

Riemann hypothesis Critical values




Analytic continuation
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Functional equation
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For Re(s) > 0, the Euler I'-function

is defined by the integral formula
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Riemann hypothesis
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Functional equation

Critical values
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L —fllIlCthIlS e.g. The Riemann ¢-function

Anv T -fanction has a Dirich _ Dirichlet characters ,)
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where s and a,, are complex numbers : Cusp forms
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Given gcd(a,d) =1,

The Dirichlet-L functions ey many primes i

L a, a+d,a+2d, a+3d, ....
Dirichlet characters

A function x from Z to C is a Dirichlet character Dirichlet L-functions
mod q if and only if it has the following properties: The Dirichlet L-function associated with y
(1) If ged(a, q) > 1 then x(a) = 0. can be defined as
Otherwise, x(a) # 0; 2. x(n)
L(s,x) = Y =,
(2) x(ab) = x(a)x(b) for a,b € Z; =1 "
(3) x(a) = x(b) ifa =b (mod gq). which converges absolutely for Re(s) > 1.
° n) = 1lforalln € Z _ 1 t 2 L 1 1 _
Xl( ) | » L(37X1) 1s+25+3s+43+58+68+_<(8)

n 0111213 1 1 1 1
° »L(37X4):13_33+53_7s+
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Euler product

Analytic continuation

Functional equation
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Let g > 1 and let x be an even primitive character mod gq.
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For an even primitive character x, the trivial zeroes are at s = 0, —2, —4, —6, . ..

while the critical values are at s = —+—3—5—+ ... and 2,4,6,8,....
For an odd primitive character Y, the trivial zeroes are at s = —1, -3, —5, —7,...

while the critical values are at s = ;—2,—4—6—=8;... and 1, 3,5,7,....

Provided x is not principal, let g be the conductor irivial zexoes trivial zeroes > Criti(C‘;ll li?e
for even characters for odd characters b i Re(s)=3
of xyand p € {0,1} sit. x(—1) = (—1)?x(1). A |2 :
For k = p (mod 2),k > 1, we have that / >< E= E
|l‘ U |
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Generalized Riemann hypothesis
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An alternative approach to computing L(2k + 1, x4)

n 0/1]2]3 1 1 1 1
v lol1]o0 . » L(2k+ 1’X4) - 12k+1 B 32k+1 T 52k+1 B 2k+1 T = 5(2k+1)
Goal: 82k +1) = (—1)’”1(3)%41 Baki1x, Euler polynomials
odt - 2)  k+ 1)
S B@L = 2
e Auxiliary func/:tion: T T et 1
1/2
I(k,m) = / By (t) sin((2m + 1)t) dt, for integers k, m > 0. where [t| <,z € R.
0
e Properties of Ey(t) and recurrence relation
c m (_1)k(2k)'
D" Il m) = Sk )
Telescoping series and trig identities Submitted for publication
o S (1) T m) = — 2
m=0 (2k + 1)22k+1




L —fllIlCthIlS e.g. The Riemann ¢-function

_ o _ » Dirichlet characters
Any L-function has a Dn(;lochlet series The Dirichlet I.functions
L(s,X) = > =,
n=1 n
where s and a,, are complex numbers : Cusp forms ?
and {a, } is determined by X. The L-functions of cusp forms ¢

Analytic continuation . .
Euler product Riemann hypothesis

& Functional equation
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The theory of modular forms

The modular group Modular forms for SLy (7))
SL, (Z) = { (Z Z) :a,b,c,d € Z,ad — bc = 1} A modular form f is a holomorphic function H — C s.t.
1. Modularity condition:
Action of SLy(Z) on H (upper half-plane) f(v2) = (cz + d)* f(z) forall y = (“ Z) € SL,(Z).
C
a b
For any z € H and any (c d) € SL,(Z), » 1%, f(z+ 1) = £(2) and f (—=1/2) = 2F f(2).
(a b) _aztb This k is called the weight of the modular form f.
c d cz+d
defines an action of SL(Z). 2. f is holomorphic at infinity.
"The Mobius transformation”

- f(2) has g-series expansion

fl@)= ) anq",whereq =€’

n=—oo

If the first n s.t. a,, # 0is > 0, f is holomorphic at infinity.
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Cusp forms: A modular form with ay = 0




Examples of modular forms

Modular form of an odd weight?

The zero function

Eisensteln series

For z € H and even integer k& > 4,

1 1
PO =20 2 gy (2

m,n)€Z?\(0,0)

defines the Eisenstein series of weight k.

¥| Holomorphic on H

Q

Modularity condition

¥| Holomorphic at infinity

Cusp forms:
A modular form f with f(q) = Z anq"
n=1

Ramanujan's cusp form
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L-functions of cusp forms

Let f be a cusp form of weight &,

@)
given by a g-expansion f = Z a,q".

n=1
00

Then, L(S, f) — _37
n=1 n

which converges absolutely for all s

such that Re(s) > k/2 + 1.

Analytic continuation
dx

L(s, f)(2m) *T(s) = / " fli) (Fab 1 at) 2

Zr

Functional equation

(2m) *T(s)L(s, f) = i*(2m)"**)T(k — s)L(k — s, f)
As, f) = i*Ak = s, f)

Critical valuesats = 1,2,...,k— 1
A(s, f) = Z'kA(l —s,f) (scaled)
Euler product
If a cusp form f of weight k is a normalized eigenform, then
1
L(s, /) =]

. 1 — app—s _|_pk—1—2s )

Grand Riemann hypothesis

For a scaled cusp form f that is a normalized eigenform.

Analytic continuation
& Functional equation

Euler product

Riemann hypothesis Critical values




Conclusion

e.g. The Riemann (-function

Dirichlet characters
The Dirichlet L-functions

Cusp forms

The L-functions of cusp forms

Selberg class (S)

% Euler product

% Analytic continuation

% Functional equation

Y Ramanujan's conjecture

For every ¢ > 0, a,, = O(n®)

¥

Riemann hypothesis

For any L-function in S, the non-trivial zeroes of f lie on Re(s) = 1/2

Euler product

Analytic continuation
& Functional equation

Riemann hypothesis Critical values
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