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Introduction

The Dirichlet L-functions:

𝐿 𝑠, 𝜒 := .
/01

2
𝜒(𝑛)
𝑛4 =

𝜒(1)
14 +

𝜒(2)
24 +

𝜒(3)
34 +⋯

where 𝑠 is any complex number whose real part is greater than 1. 

Special cases:

Research Goals & Questions

• To find a new proof for evaluating the special values of 
the Dirichlet L-function for the primitive character mod 
4, also known as the Dirichlet beta function, 𝜷(𝟐𝒌 + 𝟏), 
by resembling the idea in [2].

• To understand why the idea in [2] could not be simply 
adapted to a computation of  𝑳(𝟐𝒌 + 𝟏,𝝌), for any 
arbitrary Dirichlet character 𝜒.
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Functions 𝜁 2𝑘 ≔ .
/01

2
1
𝑛?@ =

1
1?@ +

1
2?@ +

1
3?@ + ⋯ 𝛽 2𝑘 + 1 ≔ .

/0A

2
(−1)@

(2𝑛 + 1)?@C1 =
1

1?@C1 −
1

3?@C1 +
1

5?@C1 + ⋯

Closed 
forms 𝜁 2𝑘 =

(−1)@E12?@E1𝜋?@

2𝑘 !
𝐵?@ 𝛽 2𝑘 + 1 =

(−1)@C1𝜋?@C1

2?@C?(2𝑘)! 𝐸?@

Tools A. Properties of Bernoulli Polynomials
B. Telescopic sums of Trigonometric functions 

I. Properties of Euler Polynomials
II. Telescopic sums of Trigonometric functions 

Auxiliary 
function 𝐼 𝑘,𝑚 = L

A

1
𝐵?@ 𝑡 cos 2𝑚𝜋𝑡 𝑑𝑡, 𝑘 ≥ 0,𝑚 ≥ 1 𝐽 𝑘,𝑚 = L

A

1/?
𝐸?@ 𝑡 sin (2𝑚 + 1)𝜋𝑡 𝑑𝑡, 𝑘 ≥ 0,𝑚 ≥ 1

Modified 
Auxiliary 
function

Analysis

𝐵?@ 𝑡 − 𝐵?@ 𝐸?@ 𝑡 − 𝐸?@sin(𝑡)𝐼∗ 𝑘,𝑚 𝐽∗ 𝑘,𝑚

−1 @E1 2𝑘 !
2?@𝜋?@

𝜁 2𝑘

𝐼 𝑘,𝑚 ~ A 𝐼∗(𝑘,𝑚) ~ B

𝐵?@
2=

𝐽 𝑘,𝑚 ~ I 𝐽∗(𝑘,𝑚) ~ II

−1 @ 2𝑘 !
𝜋?@C1

𝛽 2𝑘 + 1 −
𝐸?@
2?@C?=

Methods

Objects and their relations

Euler numbers
𝑒Z

𝑒?Z + 1
= .

/0A

2

𝐸/
𝑥/

𝑛!
e.g. 𝐸1 = 0, 𝐸? = −1, 𝐸\ = 0, 𝐸] = 5,…

Why is it important?

FUTURE RESEARCH:   𝛽 2𝑘 and 𝐿 2𝑘 + 1, 𝜒 .
Euler polynomials

2𝑒Z`

𝑒` + 1
= .

/0A

2

𝐸/(𝑥)
𝑡/

𝑛!

e.g. 𝐸A 𝑥 = 1, 𝐸1 𝑥 = 𝑥 − 1
?
, 𝐸\ 𝑥 = 𝑥? − 𝑥,…

Bernoulli numbers
𝑥

𝑒Z − 1
= .

/0A

2

𝐵/
𝑥/

𝑛!

e.g. 𝐵A = 1, 𝐵1 = − 1
?
, 𝐵? =

1
a
, …

Bernoulli polynomials
𝑡𝑒Z

𝑒` − 1
= .

/0A

2

𝐵/(𝑥)
𝑡/

𝑛!

e.g. 𝐵A 𝑥 = 1, 𝐵1 𝑥 = 𝑥 − 1
?
, 𝐵\ 𝑥 = 𝑥? − 𝑥 + 1

a
, …

Generalized Bernoulli numbers

.
b01

c

𝜒(𝑎)
𝑡𝑒b`

𝑒c` − 1
= .

/0A

2

𝐵@,e
𝑡@

𝑘!

Connection to Euler numbers: 
𝐸?@
2
= −

𝐵?@C1,ef
2𝑘 + 1

The real part (red) 
and imaginary part 

(blue) of the 
Riemann zeta 

function along the 
critical line Re(s) = ½ 

• The distribution of prime numbers
• Modern Security
• Statistics/physics

𝜁 2𝑘 ≔ .
/01

2
1
𝑛?@

=
1
1?@

+
1
2?@

+
1
3?@

+ ⋯

𝛽 2𝑘 + 1 ∶= .
/0A

2
(−1)@

(2𝑛 + 1)?@C1
=

1
1?@C1

−
1

3?@C1
+

1
5?@C1

+ ⋯ This is the function that we 
are interested J

The Dirichlet 
beta function

The Riemann
zeta function

When 𝜒 is the trivial character, i.e., the sequence 1, 1, 1, 1, ….

When 𝜒 is the primitive character mod 4, i.e., the sequence 1, 0, -1, 0, ….

𝜁 2𝑘

𝛽 2𝑘 + 1

𝐵?@

𝐸?@𝐸?@ 𝑡

𝐼 𝑘,𝑚

?

𝐵?@(𝑡)

𝐵?@C1,e


